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We study the dynamics of a quantum Ising chain after the sudden introduction of a non-integrable
long-range interaction. Via an exact mapping onto a fully-connected lattice of hard-core bosons,
we show that a pre-thermal state emerges and we investigate its features by focusing on a class of
physically relevant observables. In order to gain insight into the eventual thermalization, we outline
a diagrammatic approach which complements the study of the previous quasi-stationary state and
provides the basis for a self-consistent solution of the kinetic equation. This analysis suggests that
both the temporal decay towards the pre-thermal state and the crossover to the eventual thermal
one may occur algebraically.
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In the past decade, the impressive progress in ma-
nipulating cold atomic gases spurred the interest in the
non-equilibrium dynamics of isolated, strongly interact-
ing quantum many-body systems [1]. In particular, the
observed lack of thermalization in one-dimensional (1D)
Bose gases [2, 3] close to integrability generated an in-
tense theoretical activity devoted to understanding ther-
malization in many-body systems after a sudden change
(quench) of a control parameter. Despite the conjectured
relations between the absence of thermalization and the
integrability of a system [4], as well as between thermal-
ization, quantum chaos [5], the eigenstate thermalization
hypothesis [6] and the localized/delocalized structure of
many-body eigenstates [7], the features of the approach
to the eventual thermal state remain largely unexplored
(see, e.g., Ref. [8]). The recent theoretical proposal [9]
and experimental observation of a two-stage relaxation
involving a pre-thermal quasi-stationary state call for a
better understanding of the relaxation kinetics of isolated
quantum many-body systems [10].
In integrable quantum many-body systems, the exis-
tence of a maximal set of conserved quantities allows
an exact analytical study of the relaxation towards a
non-thermal Generalized Gibbs Ensemble (GGE), which
maximizes the entropy under the constraint of fixed in-
tegrals of motion [4, 11, 12]. If integrability is weakly
broken (which is always the case in experiments) [13],
a many-body system initially prepared in the ground
state of an integrable Hamiltonian does not directly ther-
malize but it may be trapped in an intermediate quasi-
stationary state similar to the GGE of the integrable
counterpart. The resulting pre-thermalization [9] has
been studied both theoretically in Fermi [14] and Lut-
tinger liquids [16], in long-range quantum Ising models
[15], and experimentally in 1D quasi-condensates [10].
∗These two authors equally contributed to the work.
Despite this progress, the description of the breaking of
integrability is technically challenging and therefore re-
stricted either to the study of small systems [17] or to
the numerical analysis of perturbative quantum kinetic
equations [18].
In this work, we introduce a simple, prototypical model
for studying thermalization and pre-thermalization: a
quantum Ising chain (QIC) perturbed away from inte-
grability by a long-range spin-spin interaction. Even
though many of the conservation laws of the QIC are
violated by this long-range interaction, we show that
the model maps into one of hard-core bosons hopping
on a lattice. Within the latter, pre-thermalization oc-
curs naturally for small quenches: as long as the quasi-
particle density remains sufficiently low, the hard-core
constraint is not effective and the model can be solved
numerically up to a quite large size, distinctively showing
pre-thermal plateaux in the dynamics of physically rel-
evant observables. The associated quasi-stationary val-
ues are typically approached algebraically in time. Fea-
tures of the pre-thermal state are reproduced within a
finite-order diagrammatic perturbation theory, while the
departure from the pre-thermal state towards thermal
equilibrium requires a kinetic equation derived within the
self-consistent Born approximation. We show that the
latter admits the thermal distribution as stationary state
and that the spectrum of relaxation rates of weak pertur-
bations around the equilibrium solution approaches zero
continuously. The absence of a non-vanishing minimal
relaxation rate suggests that also the relaxation towards
the thermal state occurs algebraically.
The model.—We consider the effect of an integrability-
breaking perturbation on the dynamics of the QIC [19],
H0(g) = −
N∑
i=1
(
σxi σ
x
i+1 + gσ
z
i
)
, (1)
where σ(x,y,z) are Pauli matrices, N is the total number
of spins, and g the strength of the transverse field. This
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2model, which undergoes a prototypical quantum phase
transition between a paramagnetic (g > 1) and a fer-
romagnetic (g < 1) phase, has been extensively stud-
ied both in and out of equilibrium, taking advantage of
its integrability. After a Jordan-Wigner transformation
followed by a Bogoliubov rotation, H0 becomes H0 =∑
k>0 kψ
†
kσ
zψk in terms of spinors ψk ≡
( γk
γ†−k
)
where
γk are fermionic operators, and k ≡
√
1 + g2 − 2g cos k
is the energy of the quasi-particles [19]. The dynam-
ics after a quench of the transverse field g0 → g has
been thoroughly investigated both numerically and ana-
lytically (see, e.g., Refs. [20, 22, 23]).
Focusing for simplicity on quenches within the same
phase (say g0, g > 1), the integrability of H0 makes the
dynamics trivial in the quasi-particle representation: the
ground state |0〉g0 of H0(g0), in fact, can be represented
as a BCS state |0〉g0 ∝ exp{−
∑
k Bg0→g(k)b
†
k}|0〉g [21],
in terms of the ground state |0〉g of H0(g) and of the pair
operators b†k = γ
†
kγ
†
−k of its quasi-particles γk. The ini-
tial distribution of these zero-momentum fermionic pairs,
determined by Bg0→g is not modified by the time evolu-
tion and therefore it affects the asymptotic values of local
observables, described consequently by a GGE.
The peculiar structure of the initial state and of the
subsequent dynamics is generically spoiled by breaking
the integrability of the model, which is expected to cause
scattering not only of pairs, but also of individual quasi-
particle modes γk; as a consequence, the energy initially
injected into the system gets redistributed among the
various modes, eventually leading to thermalization. In
order to make progress in understanding thermalization
and pre-thermalization it is particularly valuable to have
at hand a simple enough model in which the breaking of
integrability is amenable to both analytic and numerical
analysis in a controlled and physically transparent way.
Such an instance is provided by a quantum chain with
Hamiltonian H0 + V , where H0 is given by Eq. (1) and
V =
λ
N
(Mz −Mz)2, (2)
where Mz =
∑
i σ
z
i is the global transverse magnetiza-
tion and the operator Mz its long-time temporal average
in the absence of perturbation λ = 0. The subtraction
in Eq. (2) cancels the constants of motion nˆk = γ
†
kγk
present in the definition of Mz (c.f., Eq. (3)) and is made
in order to recover the temporal cluster property of the
two-time correlation functions of the subtracted trans-
verse magnetization Mz−Mz in the long-time limit [22].
In particular, we consider a quench from H0(g0) at t < 0
to H ≡ H0(g)+V at t > 0. V effectively breaks the inte-
grability of H0(g) in terms of its Bogoliubov fermions γk
and introduces scattering among zero-momentum pairs
in the fermionic representation.
The mapping.—The spin chain described by H can be
conveniently mapped onto a quadratic (yet non-diagonal)
Hamiltonian of hardcore bosons, as we show here. First
of all, we take advantage of the fermionic representa-
tion of H0(g0) in order to better understand the effect
of breaking the integrability. In fact, in terms of γk, V
becomes
V =
λ
N
[∑
k>0
sin(2θk) ψ
†
kσ
yψk
]2
, (3)
where θk(g) is the Bogoliubov angle [19] with tan(2θk) =
(sin k)/(g − cos k). Note that Ik = nˆk − nˆ−k commutes
with H0(g) for all k > 0 and therefore {Ik}k is a set
of N/2 constants of motion [23]. The eigenvalues of
Ik are 0 and ±1, corresponding to states in which two
quasi-particles with momenta ±k are either simultane-
ously present or absent, and to states in which only one
of the two is present, respectively. Accordingly, the con-
figuration space is split in eigensectors characterized by
the string of the N/2 possible eigenvalues of {Ik}k, with
dimension 2N0 , N0 being the number of 0s present in the
corresponding string. These sectors are closed under the
action of two-fermion operators such as the number op-
erator nˆk, and the pair creation b
†
k and annihilation bk
operators, in terms of which H becomes
H =
∑
k>0
[
k − (λ/N) sin2(2θk)
] (
I2k − 1
)
+H ′,
H ′ =
∑
k,q>0
[
2βkqb
†
kbq − αkq(b†kb†q + bkbq)
]
,
(4)
where αkq = (λ/N)(1 − δkq) sin(2θk) sin(2θq) and βkq =
kδkq + αkq. The “b” operators commute at different
momenta and anticommute at equal ones, except for
{bk, b†k} = 1− I2k , and thus they behave almost as hard-
core bosons. On the other hand, it is useful to notice that,
in a sector with Ik = ±1, both bk and b†k act as the null
operator and can be effectively expunged from H ′, leav-
ing behind only those corresponding to momenta q for
which Iq = 0, which can be treated instead as bona-fide
hard-core bosons. Summarizing, within a sector charac-
terized by having N/2−N0 unpaired quasi-particles, H
describes a fully-connected model of hard-core bosons on
a lattice with N0 sites.
Prethermalization.—This representation allows a con-
sistent description of pre-thermalization and thermaliza-
tion based on standard approximations. Note that, al-
though H ′ is quadratic in the pair operators, it can-
not be trivially integrated via a Bogoliubov rotation,
for that could not preserve the mixed (anti)commutation
relations. Some progress can be made, instead, by re-
expressing H in terms of bosonic operators ak with[
ak, a
†
q
]
= δkq, via a Holstein-Primakoff transformation
[24] bk = (1− a†kak)1/2 ak, b†k = a†k(1− a†kak)1/2. Assum-
ing a low density of excitations (i.e., a small quench),
one can expand the square roots to lowest order bk '
ak, b
†
k ' a†k and H becomes an Hamiltonian of free
bosons (whose dynamics describes pre-thermalization),
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FIG. 1: (Color online) Time evolution of the total number
of quasi-particles Np(t) for N = 100, g0 = 8, g = 3.5, and
λ = 0.1. Np attains a quasi-stationary value Np,qs before
recurrence occurs at tR ' 25. Note that for λ = 0, Np would
be constant and equal to its initial value Np(0) ' 1.68282
(dashed line). For small enough λ, the difference Np,qs−Np(0)
as well as the amplitude of the oscillations around Np,qs is
proportional to λN . The inset shows |Np(t)−Np,qs| in double
logarithmic scale and highlights the algebraic approach ∝ t−α
of Np to Np,qs; the straight line corresponds to α = 3.
while higher-order terms introduce the interactions which
are expected to lead to thermalization. For this ap-
proximation to be valid, the mean bosonic populations
have to remain small during the evolution. As heuris-
tically expected, this occurs the smaller the energy in-
jected at t = 0 is, i.e., the smaller the amplitude |g − g0|
of the quench is and the further g is from the critical
value gc = 1. Actually, for small values of λ, this ap-
proximation turns out to be rather accurate in a sig-
nificantly wider range of parameters: for example, we
verified that the dynamics of nk=pi/2 obtained from this
method for λ = 0.1, g0 = 8 and g = 1.01 agrees with
the one obtained via an exact numerical diagonalization
of the fermionic model for N = 20 spins within 2% up
to time scales t ' 103. Beyond the time range of valid-
ity of the low-density approximation, higher-order terms
in the Holstein-Primakoff transformation are eventually
expected to make the system thermalize, analogously to
what is experimentally observed in bosons in 1D [10].
The main advantage of the mapping is that the di-
agonalization of H within each sector is of polynomial
complexity. Although the total number of sectors grows
exponentially withN , as long as one can restrict the anal-
ysis to just a few of them, a numerical approach becomes
effective for quite large systems, and this is generically
the case for our choice: the initial state |0〉g0 , in fact,
contains all possible pairs of Ising quasi-particles with
opposite momenta such that Ik = 0, ∀ k, and therefore
N0 = N/2. The evolution of any quantity which does
not connect this particular sector with the others can be
therefore computed quite easily. In particular, the opera-
tors nk, bk and b
†
k can be expressed as sums of terms oscil-
lating in time with frequencies |En − Em| and En + Em
(referred to as ”slow” and ”fast”, respectively), where
{En}n is the bosonic single-particle spectrum. For small
λ the spectrum of H0 is weakly perturbed, thus we can
substitute En with the energy 2n of a pair of quasiparti-
cles; this implies that the slow frequencies range approx-
imately from 0 to 4, whereas the fast ones from 4(g − 1)
to 4(g+ 1), which justifies this notion for g > 2. Our nu-
merical analysis shows that the fermion numbers 〈nˆk〉—
which are also equal to the numbers of pairs if Ik = 0 —
display weak relaxation of the fast modes. It is therefore
more convenient to study, instead, an observable such as
the total number of quasi-particles Np(t) =
∑
k>0〈nˆk(t)〉
which displays a marked plateau as in Fig. 1. As men-
tioned above, however, the dynamics of observables such
as Np is characterized by a finite collection of frequencies;
thus, the destructive interference which gives rise to the
plateau in Fig. 1 cannot last indefinitely for finite size N
and, in fact, we verified that oscillations start to grow
again after a recurrence time tR ' N/4. The formalism
developed here is therefore able to capture the relaxation
ofNp towards a pre-thermal quasi-stationary state which,
up to quantum oscillations, is approached as ∝ t−α with
α ' 3 (see the inset of Fig. 1). This same algebraic re-
laxation has also been observed in the average of the un-
perturbed Hamiltonian 〈H0(g)〉 and is actually expected
to characterize every generic observable which can be ex-
pressed as a linear combination of the fermion numbers
〈nˆk〉 or of the number of pairs — with possible exceptions
depending on specific choices of the coefficients of these
combinations. Furthermore, we have numerical evidence
that these features are independent of the specific values
of N and λ, provided that the former is large enough and
the latter small enough. Since the dynamics at interme-
diate times is dictated by a quadratic integrable Hamil-
tonian of non-interacting bosons, a power-law approach
towards the pre-thermal state is expected [12].
Diagrammatic approach.— At longer times higher-
order terms in the Holstein-Primakoff transformation
cause a redistribution of the energy among the degrees of
freedom of the system and are expected to lead possibly
to thermalization. As stated above, inelastic effects can
no longer be disregarded in this regime which therefore
cannot be captured by our numerical approach. In order
to investigate the mechanism which leads to relaxation
and eventual thermalization in the late dynamics of this
model we take below a complementary approach. It is
convenient to study first pre-thermalization within a di-
agrammatic, perturbative approach at the second order
in λ. For this purpose, we employ the Dyson equation
for the Green function ordered on the Keldysh contour
[25]; since tadpole diagrams do not cause relaxation [26],
we focus on the simplest relevant ones among the others,
4FIG. 2: (a) The sunset diagram. (b) The self-consistent sun-
set diagram. Single and double lines indicate, respectively,
bare and full Green functions; wiggly lines stand for the in-
teraction.
i.e., we assume that the self-energy is just given by the
sunset diagram, see Fig. 2(a).
Among the quantities one can study within this ap-
proach, the simplest is the distribution of the quasi-
stationary populations [27]
nk = lim
T→∞
1
T
∫ T
0
dt 〈nˆk(t)〉 =
∫ ∞
−∞
dω
2pi
Fk(ω)Ak(ω), (5)
expressed in terms of the spectral density Ak(ω) and
of the statistical function Fk(ω), where the limit is in-
tended to hold up to the time scales of validity of per-
turbation theory. For a quenched QIC (λ = 0, g 6= g0),
Ak(ω) = 2piiδ(ω−k) whereas Fk corresponds to a Fermi-
Dirac distribution function fk(ω) ≡ (eβkω + 1)−1 for
the GGE, with a mode-dependent inverse temperature
βk = 2 th
−1(cos ∆k)/k, where ∆k = 2[θk(g) − θk(g0)]
[20, 22, 23]. This clearly highlights the role of integrabil-
ity: the absence of inelastic processes prevents the QIC
from redistributing the energy among the quasi-particles,
and therefore thermalization as a whole.
When V is turned on, δ(ω − k) in Ak broadens and
becomes a Lorentzian with a frequency-dependent in-
verse life time Γk(ω) =
2λ2
N2 sin
2(2θk)
[
fk(k)Π(ω + k) +
fk(−k)Π(−ω − k)
]
. Π(ω), calculated in second-order
perturbation theory, describes effective absorption and
emission of a pair of fermions γk; these processes occur
for ω ∈ [2(g − 1), 2(g + 1)] and [−2(g + 1),−2(g − 1)]
[27], respectively, because the unperturbed spectrum k
of each fermion ranges from g−1 to g+ 1. Γk(ω) quanti-
fies the spreading of the Ising quasi-particles over the new
interacting eigenmodes; close to the pronounced peak at
ω = k (energy level shifts are disregarded here), Γk de-
termines the effective width of the Lorentzian, given by
Γk(k) =
λ2
4Ng
sin3(2θk)fk(k)fk(−k). (6)
Analogously, Fk(ω) gets a correction to the afore-
mentioned GGE distribution function fk(ω), which is
actually independent of λ [see Γk(ω)], Fk(ω) = fk(ω) +
λ2
N2 sin
2(2θk)
fk(−k)fk(−ω)Π(−ω−k)−fk(k)fk(ω)Π(ω+k)
2Γk(ω)
.
This distribution function is neither thermal nor GGE-
like and causes perturbative corrections — characteristic
of a pre-thermal state [13] — to appear in the occupation
number nk, upon integrating Eq. (5). The apparent
puzzle of a perturbative correction to observables,
despite a pre-thermal distribution function independent
of λ, is resolved by realizing that Fk = fk for ω = k,
hence the first non-vanishing correction is proportional
to λ2/N .
Thermalization.— Finally, we use our diagrammatic
expansion to extract physical information about thermal-
ization dynamics in the long-time limit. In order to do
so, we include in the analysis the cascade of inelastic
processes triggered by the integrability breaking pertur-
bation described by the self-consistent diagram, Fig.2(b).
The resulting kinetic equation for nk admits a thermal
distribution as stationary solution (it is actually the only
choice which makes the collision kernel identically van-
ish, as it will be detailed elsewhere [27]). The lineariza-
tion ∂t(δnˆk) = −
∑
q Rˆkqδnˆq of this kinetic equation for
nk = n
th.
k + δnˆk around the thermal equilibrium solution
nth.k has a density ρ(r) of relaxation rates which can be
calculated by diagonalizing numerically Rˆkq. Interest-
ingly enough, we find that ρ(r → 0) ' rζ , with ζ ≈ 1/4,
and this absence of a minimal relaxation rate is compati-
ble with an algebraic approach to the thermal state [27].
This power-law decay might be due to the long-range
nature of the interaction, as suggested by some results
concerning the quench dynamics of long-range interact-
ing models [15, 28]. Finally, under the assumptions that
the quantities involved in the retarded Dyson equation
vary on energy scales much larger than Γk(k) and that
N is sufficiently large to disregard O(N−2) corrections,
we also calculate the quasi-particle inverse lifetime
Γk(k) =
λ2
4Ng
sin3(2θk)f
(β)
k (k)f
(β)
k (−k), (7)
which resembles the corresponding perturbative expres-
sion, Eq. (6), with the GGE function fk(ω) replaced by
the thermal Fermi-Dirac distribution f (β)(ω).
Conclusions.— We have studied the quasi-stationary
and stationary states and the approach to them in a QIC
weakly perturbed away from integrability. By a combi-
nation of a mapping to hard-core bosons and a pertur-
bative analysis, we found that an algebraic relaxation
towards the pre-thermal state emerges within an effec-
tive integrable bosonic description of the model. On
the other hand, thermalization is captured by a self-
consistent diagrammatic description of inelastic scatter-
ing. The absence of a minimum relaxation rate of pertur-
bations around the thermal solution for nˆk is consistent
with the thermal state being approached in time via a
power-law decay. Accordingly, this suggests that pre-
thermalization may be accompanied, as in the present
case, by a crossover between two algebraic laws.
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